As composite materials undergo damage, the corresponding stress and strain concentration tensors do not remain constant even for the case of elastic deformations. These tensors are derived and presented here for fibrous composites that undergo damage in both the constituents and the interfacial surface. The damage in the matrix includes nucleation and growth of voids, etc., while in the fibers includes micro-fracture, etc. In addition, interfacial damage is described as the damage due to debonding. The damaged stress and strain concentration tensors are obtained for the elastic states of the composite material. Expressions are derived and presented here for the elastic stress and strain concentration tensors for fibrous composite materials in the damaged configurations. The fibers are assumed to be continuous in this work. The elastic strain and stress concentration tensors using the MoriTanaka method for the case of undamaged fiberous composites are formulated by Chen, et al. (1992) [1]. These elastic concentration tensors are constant in the undamaged or effective configuration due to the fact that damage effects in the material are ignored. However, these damaged elastic concentration tensors are a function of the fourth order damage tensors in the damaged configuration.
Theoretical Preliminaries
In the initial configuration, Co , the composite material is assumed to be undeformed and undamaged. The initial matrix and fiber subconfigurations are denoted by C™ and CQ, respectively. Due to applied loads, the composite material is assumed to undergo damage and the resulting overall configuration is denoted by C. The resulting matrix and fiber local subconfigurations are denoted by C m and C } , respectively. Damage is quantified using the concept proposed by Kachanov (1958) [3] whereby two kinds of fictitious configurations C and C of the composite systems are considered. C configuration is obtained from by removing all damages, while C configuration is obtained from by removing only interfacial damage between the matrix and the fiber. C is termed the full effective configuration, while C is the partial effective configuration. The matrix and fiber subconfigurations of the full effective configuration are denoted respectively by C m and <?Λ Similarly, C m and C* are the subconfigurations of the partial effective configuration. This is shown in Figure 1 .
The basic feature of the approach presented here is that local effects of damages are considered whereby these effects are described separately by the matrix, fiber,and interfacial damage tensors. The fourth order matrix damage effect tensor M m and the fourth order fiber damage effect tensor Μf are defined such that
where a m and σ ! are the full effective matrix and fiber stresses in the subconfigurations c" 1 and c J , respectively, while cr m and σ ! are the partial effective matrix and fiber stresses in the subconfigurations c m , c i respectively. In addition, the fourth order interfacial damage effect tensor M d is defined such as
where σ is the partial effective composite stress in the C configuration, while σ is the overall stress of the composite in the C configuration. The respective damage effect tensors are clearly indicated in Figure 1 . The local damage effect tensors M m and M s encompass all the pertinent damages related to the matrix and fiber, respectively, while the damage effect tensor M d reflects the damage pertinent to the interfacial damage such as debonding (Voyiadjis and Park, 1995) [6] .
Theoretical Formulation of the Overall Damage Effect Tensor Μ
Considering the overall configurations C,C, and C, one can introduce an overall damage effect tensor Μ and a partial damage effect tensor Μ for the whole composite system. 
The tensor Μ reflects all types of damages that the composite undergoes including the damage due to the interaction between the matrix and fibers, while the tensor Μ reflects the damage in the matrix and fiber excluding the interfacial damage. This tensor has been studied previously by Voyiadjis and Kattan (1993) [5] . A matrix representation of tensor Μ is given by Voyiadjis and Kattan (1993) [5] as follows: where φ is the damage variable that is characterized by a second order symmetric tensor by Murakami (1983) [4] . The notation <*; , _, · is used here to denote 5 tJ -0 tJ . The tensor Μ was shown to be symmetric. The symmetry property of the tensor Μ is used extensively in the derivation that follows. where B™ and Β ! are the partial damaged stress concentration tensors for the matrix and fibers, respectively. Substituting equations (1) and (2) into (8), one obtains the following expression:
Making use of (9) and (10) into (11) Finally substituting equation (3) into (13), one obtains the following relation:
Comparing equation (4) with equation (14), the following relation is obtained 
Effective Volume Fraction
Since the fictitious effective configuration is obtained by removing all damages that the material has been subjected to consequently it follows that the volume fractions in the effective configuration will differ from the initial volume fractions. However, the volume fractions of configuration C are assumed to be equal to the initial volume fractions. In order to obtain an evolution expression for the effective volume fractions, we first address the simple case of one-dimensional damage model using the definition of Kachanov's (1958) [3] effective stress concept. The effective local stresses for the matrix and fiber in the one-dimensional case are defined by
where dA r and dA r are differential areas normal to the fiber direction in the configuration C, and C, respectively, where r -m or /. The corresponding initial volume fractions are defined as follows: 
The variation of the effective volume fractions with the matrix and the fiber damage are shown in Figures 2 and 3 , respectively, for the case of the uniaxially loaded lamina. It is clear that the effective fiber volume fraction decreases due to fiber damage, while the effective fiber volume fraction increases due to matrix damage. The initial fiber volume fraction is set equal to 0.35. The generalization of equations (29) and (30) to the three-dimensional damage model using the second order damage tensor φ may be expressed as follows: 
where B m and B1 are the undamage stress concentration tensors for the matrix and the fiber, respectively. The experssions of the undamaged stress concentration tensors using the Mori-Tahaka Method are given in the next section. Making use of equations (1) and (5) Table 1 . This is demonstrated for a single lamina loaded axially along the fiber direction. Figure 5 shows the variation of the ratio of the axial stress in the fiber to the axial stress in the matrix with respect to the axial fiber damage φ{ χ in conjunction with several matrix damage cases.
Similarly, the variation of the ratio of the axial stress in the matrix to the axial stress in the fiber with respect to the axial damage in conjunction with several fiber damage cases is shown in Figure 6 . It is clear that the stress ratio is constant in the case when the damage in the matrix is equal to the damage in the fibers. In Figure 7 the ratio between the local phase stress and the overall stress is plotted with respect to the fiber damage (i.e., φ™ = 0) for several fiber volume fractions, and vice versa (i.e.,0^ = 0) in Figure 8 . It is clear that the damaged constituents suffer a reduction in stress carrying capacity. In Figures 9 to 12 , different stress ratios corresponding to those in Figures 5, 6 , 7, and 8 are plotted with respect to damage φ{ 2 or φ{ 2 . One assumes a similar relation for strains as that postulated for stresses given, by equation (8) together with equations (43) and (44) one obtains the partial damaged elastic strain concentration tensors in the partial damaged C configuration. These are given by the following relations: 
In Figure 13 , the strain ratio of the axial strain in the fiber to the axial strain in the matrix with respect to both the matrix and fiber damage is shown to be constant. It is clear that the longitudinal strains of both the matrix and fiber are not affected by damage. In Figure  14 , the strain ratio of the transverse strain in the fiber to the transverse strain in the matrix increases due to fiber damages φ{ 2 ,Άτιά φ[ 2 . In Figure 15 , the strain ratio of the transverse strain in the matrix to the transverse strain in the fiber increases due to matrix damages φ™2 and φ™2· However, both the fiber damage φ{χ and the matrix damage φ™χ have no affect on the transverse srtain ratio. The ratio between the local phase strain and the overall strain (e22/ei2 ) is plotted with respect to the fiber damage φ™2 (i.e.,^22 = 0) f°r several fiber volume fractions in Figure 16 , and versus φ™2 (ϊ.β.,φ{2 = Ο ) in Figure 17 . It is clear that the transverse strain of the constituent increases due to its damage. 
The tensors H r and f are termed the partial concentration factors for strain and stress and are expressed in the following form:
H™qki -Ipqki where I pqk i is a fourth order identity tensor. 
(56)
where E } and E m are the elastic stiffness tensors of the fiber and matrix, respectively. The tensors Ρ and Q depend only on the shape ofthe inclusion and on the elastic moduli of the surrounding matrix. For example, for an inclusion in the shape of a circular cylinder in isotropic matrix, the tensor Ρ written in matrix form (6x6 array) is given by where E m is the Young's modulus of the matrix, A m is the Poisson ratio of the matrix, and G m is the shear modulus of the matrix.The tensor Q in equation (56) Figure 18 . The M dm termed interfacial damage effect tensor for the matrix is defined as follows:
Similiarly, the termed interfacial damage effect tensor for the fiber is defined in the same manner as above:
The overall effective composite stress in the partial effective configuration C is postulated in the same manner as equation (8):
Similiar to equations (9) and (10), the stresses of the matrix and fiber in the damaged configuration C are related to the overall stress of the composite by the the full damaged stress concentration tensors such that ( 
where B m and B f are the damaged stress concentration tensors including the interfacial damage. Substituting equations (62)) and (63) The stress and strain concentration tensors derived here are for fibrous composites with continuous fibers that undergo damage in both the constituents and the interfacial damage. The damage in the matrix includes nucleation and growth of voids, micro-fracture, etc., while in the fibers includes micro-fracture, etc. In addition, interfacial damage between the matrix and the fiber is described as debonding-damage. The corresponding damage stress and strain concentration tensors are obtained for the elastic states of the material and are based on the Mori-Tanaka method in the undamaged configuration of the material. The derived concentration tensors are functions of the damage effect tensors and undamaged concentration tensors. As a consequence of damage, the volume fractions in the effective undamaged configuration are not equal to the initial volume fractions. Evolution expressions for the effective volume fractions are also derived in this work. Consistent correlations between stresses, strains, and damage are obtained for the newly derived concentration tensors that incorporate the damage of the material.
